
Black hole shadows and strong gravitational lensing

Carlos A. R. Herdeiro
IST-Lisbon Physics Dept. and CENTRA

Based on work (mostly) with P. Cunha, E. Radu 

Eddington at Sundy, Príncipe Island, São Tomé e Príncipe 
May 27th 2019

1919 2019



100 years of (observational) gravitational lensing

1919 2019

 EHT collaboration
ApJ Lett. 875 (2019) L1

Dyson, Eddington and Davidson
Phil. Trans. Royal Soc. London 

220 (1920) 571-581



100 years of (observational) gravitational lensing

1919

Dyson, Eddington and Davidson
Phil. Trans. Royal Soc. London 

220 (1920) 571-581
�� = 1.7500

weak lensing

key 
to

establish
GR

�� =
4GM

c2d
= 1.7500

r�
d



100 years of (observational) gravitational lensing

1919

Dyson, Eddington and Davidson
Phil. Trans. Royal Soc. London 

220 (1920) 571-581
�� = 1.7500

weak lensing

key 
to

establish
GR

�� =
4GM

c2d
= 1.7500

r�
d



100 years of (observational) gravitational lensing

1919

Dyson, Eddington and Davidson
Phil. Trans. Royal Soc. London 

220 (1920) 571-581
�� = 1.7500

weak lensing

key 
to

establish
GR

�� =
4GM

c2d
= 1.7500

r�
d

418

comment

announcement, making Einstein’s name and 
theory famous worldwide (Fig. 4).

The expeditions’ results received careful 
scrutiny from sceptics of GR for years after 
the announcement. But in 1922, and at 
subsequent eclipses, similar measurements 
of starlight deflections confirmed general 
relativity’s triumph over Newton’s theory. 
But in recent decades, doubts concerning 
the soundness of the conclusions of 
the British experiments in 1919 have 
been expressed by some physicists and 
historians of science4. These modern 
doubts have principally concerned the 
decision to throw out the data from the 
Sobral astrographic. Allegations have 
been raised that Eddington’s favourably 
disposed attitude to GR was responsible 
for this decision.

The plates obtained with the three 
telescopes led to the following results (Table 
1). The Sobral astrographic’s result was 
close to the so-called ‘Newtonian’ result 

(the half-deflection). Eddington’s Príncipe 
data obtained a result between that and 
the full GR deflection, but much closer 
to the latter. The Sobral 4-inch result was 
greater than the GR prediction. The claim 
that Eddington acted wrongly in throwing 
out the Sobral astrographic data fails on 
a number of grounds7. First of all, the 
decision to throw out this data was taken 
by Dyson, in consultation with Davidson, 
and not by Eddington. Dyson did not 
share Eddington’s bias in favour of GR. 
Second, a study of Dyson’s data analysis 
sheets shows that he and his team analysed 
their astrographic data to show that the 
agreement with Newton could only hold 
if the instrument had undergone a large 
change of magnification, in addition to its 
loss of focus during the eclipse8.  
In other words, only if the astrographic 
had malfunctioned could the data confirm 
Newton’s Law. If the magnification was 
presumed not to have changed, Dyson and 
Davidson calculated that the instrument 
would have agreed with Einstein and the 
two other telescopes (Table 1). In addition, 
they relied on Davidson’s judgement, 
made before data analysis began, that the 
instrument, which he operated during the 
eclipse, was not trustworthy.

One overlooked modern contribution 
to the debate was provided by the 
astrometry team at the Royal Greenwich 
Observatory in the late 1970s9. Inspired by 
the centenary of Einstein’s birth, in 1979 they  
took out the Sobral plates from both 
telescopes used there and re-measured them  
using a modern plate-measuring 
machine (Table 1). They reduced the 
data with astrometric data reduction 
software on electronic computers. In 
1919, the principal computer had been 
Davidson, who began his working life 
at Greenwich in the nineteenth century 
when a computer was a person hired to 
work problems by hand. This team, led 
by Andrew Murray, not only vindicated 
the result, and its claimed error, from the 
4-inch lens, but also found a result for 
the astrographic lens in close agreement 
with the alternative value calculated by 
Dyson and his team in their notes (and 

mentioned briefly in their report). Thus, 
this modern re-analysis provides ample 
justification for the key decision taken by 
Dyson to reject the apparent confirmation 
of Newton’s Law by the first analysis of the 
astrographic data.

Unfortunately, the focus in recent 
accounts on the controversy over the 
Sobral astrographic data has spread the 
impression among some readers that no 
reliable data were taken at Sobral and 
that the experimental verdict belonged to 
Eddington at Príncipe. This impression 
is quite mistaken. Eddington suffered, 
through no fault of his own, from a 
paucity of data. It was only the superb 
quality of the images taken at Sobral 
with the 4-inch instrument, operated by 
Crommelin and overhauled by Davidson, 
that permitted the celebrated decision 
in favour of Einstein to be made. In this 
year of the centenary, the contribution of 
both of these men, and Dyson, should be 
restored to their rightful place alongside 
Eddington in this story of great  
scientific enterprise.

A hundred years later, general relativity 
lives through another triumphant 
era, brought about by the detection of 
gravitational waves by the LIGO–VIRGO 
Collaboration and by the first observed 
black hole shadow image released by the 
Event Horizon Telescope Collaboration. 
This has brought to light the existence of 
black holes weighing tens of solar masses, 
as well as billions of solar masses, and given 
birth to a new era of multi-messenger 
astronomy. More discoveries doubtless await 
as the sensitivity of existing detectors and 
telescopes continues to improve and we look 
forward to a second century of relativity, as 
exciting as the first.

For the centenary of this historical 
eclipse, celebrations are planned. The 
Portuguese Society of Relativity and 
Gravitation is organizing a conference on 
Príncipe Island, and the Brazilian Society 
for the Progress of Science is hosting a 
meeting in Sobral. Hopefully, the occasion 
of the centenary will draw attention to the 
important role played by the Greenwich 
team who travelled to Sobral 100 years ago, 
amidst many difficulties, to accomplish one 
of the greatest experiments in the history  
of science. ❐
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Fig. 4 | Page of the 22 November 1919 edition 
of The Illustrated London News. Courtesy of 
Illustrated London News Ltd/Mary Evans.

Table 1 | Experimental measurements (in arcsecond) obtained from the 1919 plates

Instrument 1919 result1 1979 re-analysis9

Príncipe astrographic 1.61 ± 0.30 –
Sobral 4 inch 1.98 ± 0.18 1.90 ± 0.11

Sobral astrographic 0.93 ± 0.50 or 1.52 ± 0.46 1.55 ± 0.34

The middle column shows the results obtained in 19191, including results from two different calculations based on the Sobral astrographic 
data, and the results obtained from the re-measurement of the Sobral plates, carried out later at the Royal Greenwich Observatory9, are 
displayed in the right column.
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Examining strong light bending,
determined by these fundamental photon orbits, 

probes the nature of the most compact objects in the universe.
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In Section 6 we combine EHT data with other constraints on the
radiative efficiency, X-ray luminosity, and jet power and show
that the latter constraint eliminates all a 0* = models. In
Section 7 we discuss limitations of our models and also briefly
discuss alternatives to Kerr black hole models. In Section 8 we
summarize our results and discuss how further analysis of existing
EHT data, future EHT data, and multiwavelength companion
observations will sharpen constraints on the models.

2. Review and Estimates

In EHT Collaboration et al. (2019d; hereafter Paper IV) we
present images generated from EHT2017 data (for details on
the array, 2017 observing campaign, correlation, and calibra-
tion, see Paper II and Paper III). A representative image is
reproduced in the left panel of Figure 1.

Four features of the image in the left panel of Figure 1 play
an important role in our analysis: (1) the ring-like geometry, (2)
the peak brightness temperature, (3) the total flux density, and
(4) the asymmetry of the ring. We now consider each in turn.

(1) The compact source shows a bright ring with a central
dark area without significant extended components. This bears
a remarkable similarity to the long-predicted structure for
optically thin emission from a hot plasma surrounding a black
hole (Falcke et al. 2000). The central hole surrounded by a
bright ring arises because of strong gravitational lensing (e.g.,
Hilbert 1917; von Laue 1921; Bardeen 1973; Luminet 1979).
The so-called “photon ring” corresponds to lines of sight that
pass close to (unstable) photon orbits (see Teo 2003), linger
near the photon orbit, and therefore have a long path length
through the emitting plasma. These lines of sight will appear
comparatively bright if the emitting plasma is optically thin.
The central flux depression is the so-called black hole
“shadow” (Falcke et al. 2000), and corresponds to lines of
sight that terminate on the event horizon. The shadow could be
seen in contrast to surrounding emission from the accretion
flow or lensed counter-jet in M87 (Broderick & Loeb 2009).

The photon ring is nearly circular for all black hole spins and
all inclinations of the black hole spin axis to the line of sight

(e.g., Johannsen & Psaltis 2010). For an a 0* = black hole
of mass M and distance D, the photon ring angular radius on
the sky is
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where we have scaled to the most likely mass from Gebhardt et al.
(2011) and a distance of 16.9 Mpc (see also EHT Collaboration
et al. 2019e, (hereafter Paper VI; Blakeslee et al. 2009; Bird et al.
2010; Cantiello et al. 2018). The photon ring angular radius for
other inclinations and values of a* differs by at most 13% from
Equation (1), and most of this variation occurs at a1 1*- �∣ ∣
(e.g., Takahashi 2004; Younsi et al. 2016). Evidently the angular
radius of the observed photon ring is approximately 20 asm~
(Figure 1 and Paper IV), which is close to the prediction of the
black hole model given in Equation (1).
(2) The observed peak brightness temperature of the ring in

Figure 1 isT 6 10 Kb pk,
9~ ´ , which is consistent with past EHT

mm-VLBI measurements at 230 GHz (Doeleman et al. 2012;
Akiyama et al. 2015), and GMVA 3 mm-VLBI measurements of
the core region (Kim et al. 2018). Expressed in electron rest-mass
(me) units, k T m c 1b pk b pk e, B ,

2Q º �( ) , where kB is Boltzmann’s
constant. The true peak brightness temperature of the source is
higher if the ring is unresolved by EHT, as is the case for the
model image in the center panel of Figure 1.
The 1.3 mm emission from M87 shown in Figure 1 is

expected to be generated by the synchrotron process (see Yuan
& Narayan 2014, and references therein) and thus depends on
the electron distribution function (eDF). If the emitting plasma
has a thermal eDF, then it is characterized by an electron
temperature T Te b. , or k T m c 1e e eB

2Q º >( ) , because
e b pk,Q > Q if the ring is unresolved or optically thin.
Is the observed brightness temperature consistent with what

one would expect from phenomenological models of the
source? Radiatively inefficient accretion flow models of M87

Figure 1. Left panel: an EHT2017 image of M87 from Paper IV of this series (see their Figure 15). Middle panel: a simulated image based on a GRMHD model. Right
panel: the model image convolved with a 20 asm FWHM Gaussian beam. Although the most evident features of the model and data are similar, fine features in the
model are not resolved by EHT.
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A Gaussian Blurring filter
is applied to a synthetic image

to reproduce 
real EHT observations

In Section 6 we combine EHT data with other constraints on the
radiative efficiency, X-ray luminosity, and jet power and show
that the latter constraint eliminates all a 0* = models. In
Section 7 we discuss limitations of our models and also briefly
discuss alternatives to Kerr black hole models. In Section 8 we
summarize our results and discuss how further analysis of existing
EHT data, future EHT data, and multiwavelength companion
observations will sharpen constraints on the models.
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In Section 6 we combine EHT data with other constraints on the
radiative efficiency, X-ray luminosity, and jet power and show
that the latter constraint eliminates all a 0* = models. In
Section 7 we discuss limitations of our models and also briefly
discuss alternatives to Kerr black hole models. In Section 8 we
summarize our results and discuss how further analysis of existing
EHT data, future EHT data, and multiwavelength companion
observations will sharpen constraints on the models.

2. Review and Estimates

In EHT Collaboration et al. (2019d; hereafter Paper IV) we
present images generated from EHT2017 data (for details on
the array, 2017 observing campaign, correlation, and calibra-
tion, see Paper II and Paper III). A representative image is
reproduced in the left panel of Figure 1.

Four features of the image in the left panel of Figure 1 play
an important role in our analysis: (1) the ring-like geometry, (2)
the peak brightness temperature, (3) the total flux density, and
(4) the asymmetry of the ring. We now consider each in turn.

(1) The compact source shows a bright ring with a central
dark area without significant extended components. This bears
a remarkable similarity to the long-predicted structure for
optically thin emission from a hot plasma surrounding a black
hole (Falcke et al. 2000). The central hole surrounded by a
bright ring arises because of strong gravitational lensing (e.g.,
Hilbert 1917; von Laue 1921; Bardeen 1973; Luminet 1979).
The so-called “photon ring” corresponds to lines of sight that
pass close to (unstable) photon orbits (see Teo 2003), linger
near the photon orbit, and therefore have a long path length
through the emitting plasma. These lines of sight will appear
comparatively bright if the emitting plasma is optically thin.
The central flux depression is the so-called black hole
“shadow” (Falcke et al. 2000), and corresponds to lines of
sight that terminate on the event horizon. The shadow could be
seen in contrast to surrounding emission from the accretion
flow or lensed counter-jet in M87 (Broderick & Loeb 2009).

The photon ring is nearly circular for all black hole spins and
all inclinations of the black hole spin axis to the line of sight
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where we have scaled to the most likely mass from Gebhardt et al.
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2010; Cantiello et al. 2018). The photon ring angular radius for
other inclinations and values of a* differs by at most 13% from
Equation (1), and most of this variation occurs at a1 1*- �∣ ∣
(e.g., Takahashi 2004; Younsi et al. 2016). Evidently the angular
radius of the observed photon ring is approximately 20 asm~
(Figure 1 and Paper IV), which is close to the prediction of the
black hole model given in Equation (1).
(2) The observed peak brightness temperature of the ring in

Figure 1 isT 6 10 Kb pk,
9~ ´ , which is consistent with past EHT

mm-VLBI measurements at 230 GHz (Doeleman et al. 2012;
Akiyama et al. 2015), and GMVA 3 mm-VLBI measurements of
the core region (Kim et al. 2018). Expressed in electron rest-mass
(me) units, k T m c 1b pk b pk e, B ,

2Q º �( ) , where kB is Boltzmann’s
constant. The true peak brightness temperature of the source is
higher if the ring is unresolved by EHT, as is the case for the
model image in the center panel of Figure 1.
The 1.3 mm emission from M87 shown in Figure 1 is

expected to be generated by the synchrotron process (see Yuan
& Narayan 2014, and references therein) and thus depends on
the electron distribution function (eDF). If the emitting plasma
has a thermal eDF, then it is characterized by an electron
temperature T Te b. , or k T m c 1e e eB

2Q º >( ) , because
e b pk,Q > Q if the ring is unresolved or optically thin.
Is the observed brightness temperature consistent with what

one would expect from phenomenological models of the
source? Radiatively inefficient accretion flow models of M87

Figure 1. Left panel: an EHT2017 image of M87 from Paper IV of this series (see their Figure 15). Middle panel: a simulated image based on a GRMHD model. Right
panel: the model image convolved with a 20 asm FWHM Gaussian beam. Although the most evident features of the model and data are similar, fine features in the
model are not resolved by EHT.
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spin energy through mechanisms akin to the Blandford–Znajek
process.

7. Model Comparison and Parameter Estimation

In Paper VI, the black hole mass is derived from fitting to the
visibility data of geometric and GRMHD models, as well as
from measurements of the ring diameter in the image domain.
Our measurements remain consistent across methodologies,
algorithms, data representations, and observed data sets.

Motivated by the asymmetric emission ring structures seen in
the reconstructed images (Section 5) and the similar emission
structures seen in the images from GRMHD simulations
(Section 6), we developed a family of geometric crescent
models(see, e.g., Kamruddin & Dexter 2013) to compare directly
to the visibility data. We used two distinct Bayesian-inference
algorithms and demonstrate that such crescent models are
statistically preferred over other comparably complex geometric
models that we have explored. We find that the crescent models
provide fits to the data that are statistically comparable to those of
the reconstructed images presented in Section 5, allowing us to
determine the basic parameters of the crescents. The best-fit
models for the asymmetric emission ring have diameters of
43±0.9 μas and fractional widths relative to the diameter of
<0.5. The emission drops sharply interior to the asymmetric
emission ring with the central depression having a brightness
<10% of the average brightness in the ring.

The diameters of the geometric crescent models measure the
characteristic sizes of the emitting regions that surround the
shadows and not the sizes of the shadows themselves (see, e.g.,
Psaltis et al. 2015; Johannsen et al. 2016; Kuramochi et al.
2018, for potential biases).
We model the crescent angular diameter d in terms of the

gravitational radius and distance, GM c Dg
2q º , as d=αθg,

where α is a function of spin, inclination, and Rhigh (α;9.6–10.4
corresponds to emission from the lensed photon ring only). We
calibrate α by fitting the geometric crescent models to a large
number of visibility data generated from the Image Library. We
can also fit the model visibilities generated from the Image Library
to the M87* data, which allows us to measure θg directly.
However, such a procedure is complicated by the stochastic nature
of the emission in the accretion flow(see, e.g., Kim et al. 2016).
To account for this turbulent structure, we developed a formalism
and multiple algorithms that estimate the statistics of the stochastic
components using ensembles of images from individual GRMHD
simulations. We find that the visibility data are not inconsistent
with being a realization of many of the GRMHD simulations. We
conclude that the recovered model parameters are consistent
across algorithms.
Finally, we extract ring diameter, width, and shape directly

from reconstructed images (see Section 5). The results are
consistent with the parameter estimates from geometric
crescent models. Following the same GRMHD calibration

Figure 4. Top: three example models of some of the best-fitting snapshots from the image library of GRMHD simulations for April 11 corresponding to different spin
parameters and accretion flows. Bottom: the same theoretical models, processed through a VLBI simulation pipeline with the same schedule, telescope characteristics,
and weather parameters as in the April 11 run and imaged in the same way as Figure 3. Note that although the fit to the observations is equally good in the three cases,
they refer to radically different physical scenarios; this highlights that a single good fit does not imply that a model is preferred over others (see Paper V).
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procedure, we infer values of θg and α for regularized
maximum likelihood and CLEAN reconstructed images.

Combining results from all methods, we measure emission
region diameters of 42±3 μas, angular sizes of the gravita-
tional radius θg=3.8±0.4 μas, and scaling factors in the
range α=10.7–11.5, with associated errors of ∼10%. For the
distance of 16.8±0.8 Mpc adopted here, the black hole mass
is M=(6.5±0.7)×109Me; the systematic error refers to
the 68% confidence level and is much larger than the statistical
error of 0.2×109Me. Moreover, by tracing the peak of the
emission in the ring we can determine the shape of the image
and obtain a ratio between major and minor axis of the ring that
is 4:3; this corresponds to a 10% deviation from circularity
in terms of root-mean-square distance from an average radius.

Table 1 summarizes the measured parameters of the image
features and the inferred black hole properties based on data
from all bands and all days combined. The inferred black hole
mass strongly favors the measurement based on stellar
dynamics(Gebhardt et al. 2011). The size, asymmetry, bright-
ness contrast, and circularity of the reconstructed images and
geometric models, as well as the success of the GRMHD
simulations in describing the interferometric data, are consis-
tent with the EHT images of M87* being associated with
strongly lensed emission from the vicinity of a Kerr black hole.

8. Discussion

A number of elements reinforce the robustness of our image
and the conclusion that it is consistent with the shadow of a
black hole as predicted by GR. First, our analysis has used
multiple independent calibration and imaging techniques, as
well as four independent data sets taken on four different days
in two separate frequency bands. Second, the image structure
matches previous predictions well (Dexter et al. 2012;
Mościbrodzka et al. 2016) and is well reproduced by our
extensive modeling effort presented in Section 6. Third, because

our measurement of the black hole mass in M87* is not
inconsistent with all of the prior mass measurements, this allows
us to conclude that the null hypothesis of the Kerr metric
(Psaltis et al. 2015; Johannsen et al. 2016), namely, the
assumption that the black hole is described by the Kerr metric,
has not been violated. Fourth, the observed emission ring
reconstructed in our images is close to circular with an axial
ratio 4:3; similarly, the time average images from our
GRMHD simulations also show a circular shape. After
associating to the shape of the shadow a deviation from the
circularity—measured in terms of root-mean-square distance
from an average radius in the image—that is 10%, we can set
an initial limit of order four on relative deviations of the
quadrupole moment from the Kerr value (Johannsen & Psaltis
2010). Stated differently, if Q is the quadrupole moment of a
Kerr black hole and ΔQ the deviation as deduced from
circularity, our measurement—and the fact that the inclination
angle is assumed to be small—implies that ΔQ/Q4
(ΔQ/Q=ε in Johannsen & Psaltis 2010).
Finally, when comparing the visibility amplitudes of M87*

with 2009 and 2012 data(Doeleman et al. 2012; Akiyama et al.
2015), the overall radio core size at a wavelength of 1.3 mm
has not changed appreciably, despite variability in total flux
density. This stability is consistent with the expectation that the
size of the shadow is a feature tied to the mass of the black hole
and not to properties of a variable plasma flow.
It is also straightforward to reject some alternative astrophysical

interpretations. For instance, the image is unlikely to be produced
by a jet-feature as multi-epoch VLBI observations of the plasma
jet in M87 (Walker et al. 2018) on scales outside the horizon do
not show circular rings. The same is typically true for AGN jets in
large VLBI surveys (Lister et al. 2018). Similarly, were the
apparent ring a random alignment of emission blobs, they should
also have moved away at relativistic speeds, i.e., at ∼5μas day−1

(Kim et al. 2018b), leading to measurable structural changes and
sizes. GRMHD models of hollow jet cones could show under
extreme conditions stable ring features (Pu et al. 2017), but this
effect is included to a certain extent in our Simulation Library for
models with Rhigh>10. Finally, an Einstein ring formed by
gravitational lensing of a bright region in the counter-jet would
require a fine-tuned alignment and a size larger than that measured
in 2012 and 2009.
At the same time, it is more difficult to rule out alternatives

to black holes in GR, because a shadow can be produced by
any compact object with a spacetime characterized by unstable
circular photon orbits(Mizuno et al. 2018). Indeed, while the
Kerr metric remains a solution in some alternative theories of
gravity (Barausse & Sotiriou 2008; Psaltis et al. 2008), non-
Kerr black hole solutions do exist in a variety of such modified
theories (Berti et al. 2015). Furthermore, exotic alternatives to
black holes, such as naked singularities(Shaikh et al. 2019),
boson stars (Kaup 1968; Liebling & Palenzuela 2012), and
gravastars (Mazur & Mottola 2004; Chirenti & Rezzolla 2007),
are admissible solutions within GR and provide concrete, albeit
contrived, models. Some of such exotic compact objects can
already be shown to be incompatible with our observations
given our maximum mass prior. For example, the shadows of
naked singularities associated with Kerr spacetimes with
a 1* >∣ ∣ are substantially smaller and very asymmetric
compared to those of Kerr black holes(Bambi & Freese 2009).
Also, some commonly used types of wormholes (Bambi 2013)
predict much smaller shadows than we have measured.

Table 1
Parameters of M87*

Parameter Estimate

Ring diameter a d 42±3 μas
Ring width a 20 asm<
Crescent contrast b >10:1
Axial ratio a <4:3
Orientation PA 150°–200° east of north

GM Dcg
2q = c 3.8±0.4 μas

d ga q= d 11 0.3
0.5

-
+

Mc (6.5±0.7)×109 Me

Parameter Prior Estimate

D e (16.8±0.8) Mpc
M(stars) e 6.2 100.6

1.1 9´-
+ Me

M(gas) e 3.5 100.3
0.9 9´-

+ Me

Notes.
a Derived from the image domain.
b Derived from crescent model fitting.
c The mass and systematic errors are averages of the three methods (geometric
models, GRMHD models, and image domain ring extraction).
d The exact value depends on the method used to extract d, which is reflected
in the range given.
e Rederived from likelihood distributions (Paper VI).
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spin energy through mechanisms akin to the Blandford–Znajek
process.

7. Model Comparison and Parameter Estimation

In Paper VI, the black hole mass is derived from fitting to the
visibility data of geometric and GRMHD models, as well as
from measurements of the ring diameter in the image domain.
Our measurements remain consistent across methodologies,
algorithms, data representations, and observed data sets.

Motivated by the asymmetric emission ring structures seen in
the reconstructed images (Section 5) and the similar emission
structures seen in the images from GRMHD simulations
(Section 6), we developed a family of geometric crescent
models(see, e.g., Kamruddin & Dexter 2013) to compare directly
to the visibility data. We used two distinct Bayesian-inference
algorithms and demonstrate that such crescent models are
statistically preferred over other comparably complex geometric
models that we have explored. We find that the crescent models
provide fits to the data that are statistically comparable to those of
the reconstructed images presented in Section 5, allowing us to
determine the basic parameters of the crescents. The best-fit
models for the asymmetric emission ring have diameters of
43±0.9 μas and fractional widths relative to the diameter of
<0.5. The emission drops sharply interior to the asymmetric
emission ring with the central depression having a brightness
<10% of the average brightness in the ring.

The diameters of the geometric crescent models measure the
characteristic sizes of the emitting regions that surround the
shadows and not the sizes of the shadows themselves (see, e.g.,
Psaltis et al. 2015; Johannsen et al. 2016; Kuramochi et al.
2018, for potential biases).
We model the crescent angular diameter d in terms of the

gravitational radius and distance, GM c Dg
2q º , as d=αθg,

where α is a function of spin, inclination, and Rhigh (α;9.6–10.4
corresponds to emission from the lensed photon ring only). We
calibrate α by fitting the geometric crescent models to a large
number of visibility data generated from the Image Library. We
can also fit the model visibilities generated from the Image Library
to the M87* data, which allows us to measure θg directly.
However, such a procedure is complicated by the stochastic nature
of the emission in the accretion flow(see, e.g., Kim et al. 2016).
To account for this turbulent structure, we developed a formalism
and multiple algorithms that estimate the statistics of the stochastic
components using ensembles of images from individual GRMHD
simulations. We find that the visibility data are not inconsistent
with being a realization of many of the GRMHD simulations. We
conclude that the recovered model parameters are consistent
across algorithms.
Finally, we extract ring diameter, width, and shape directly

from reconstructed images (see Section 5). The results are
consistent with the parameter estimates from geometric
crescent models. Following the same GRMHD calibration

Figure 4. Top: three example models of some of the best-fitting snapshots from the image library of GRMHD simulations for April 11 corresponding to different spin
parameters and accretion flows. Bottom: the same theoretical models, processed through a VLBI simulation pipeline with the same schedule, telescope characteristics,
and weather parameters as in the April 11 run and imaged in the same way as Figure 3. Note that although the fit to the observations is equally good in the three cases,
they refer to radically different physical scenarios; this highlights that a single good fit does not imply that a model is preferred over others (see Paper V).
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procedure, we infer values of θg and α for regularized
maximum likelihood and CLEAN reconstructed images.

Combining results from all methods, we measure emission
region diameters of 42±3 μas, angular sizes of the gravita-
tional radius θg=3.8±0.4 μas, and scaling factors in the
range α=10.7–11.5, with associated errors of ∼10%. For the
distance of 16.8±0.8 Mpc adopted here, the black hole mass
is M=(6.5±0.7)×109Me; the systematic error refers to
the 68% confidence level and is much larger than the statistical
error of 0.2×109Me. Moreover, by tracing the peak of the
emission in the ring we can determine the shape of the image
and obtain a ratio between major and minor axis of the ring that
is 4:3; this corresponds to a 10% deviation from circularity
in terms of root-mean-square distance from an average radius.

Table 1 summarizes the measured parameters of the image
features and the inferred black hole properties based on data
from all bands and all days combined. The inferred black hole
mass strongly favors the measurement based on stellar
dynamics(Gebhardt et al. 2011). The size, asymmetry, bright-
ness contrast, and circularity of the reconstructed images and
geometric models, as well as the success of the GRMHD
simulations in describing the interferometric data, are consis-
tent with the EHT images of M87* being associated with
strongly lensed emission from the vicinity of a Kerr black hole.

8. Discussion

A number of elements reinforce the robustness of our image
and the conclusion that it is consistent with the shadow of a
black hole as predicted by GR. First, our analysis has used
multiple independent calibration and imaging techniques, as
well as four independent data sets taken on four different days
in two separate frequency bands. Second, the image structure
matches previous predictions well (Dexter et al. 2012;
Mościbrodzka et al. 2016) and is well reproduced by our
extensive modeling effort presented in Section 6. Third, because

our measurement of the black hole mass in M87* is not
inconsistent with all of the prior mass measurements, this allows
us to conclude that the null hypothesis of the Kerr metric
(Psaltis et al. 2015; Johannsen et al. 2016), namely, the
assumption that the black hole is described by the Kerr metric,
has not been violated. Fourth, the observed emission ring
reconstructed in our images is close to circular with an axial
ratio 4:3; similarly, the time average images from our
GRMHD simulations also show a circular shape. After
associating to the shape of the shadow a deviation from the
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from an average radius in the image—that is 10%, we can set
an initial limit of order four on relative deviations of the
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2010). Stated differently, if Q is the quadrupole moment of a
Kerr black hole and ΔQ the deviation as deduced from
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angle is assumed to be small—implies that ΔQ/Q4
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gravitational lensing of a bright region in the counter-jet would
require a fine-tuned alignment and a size larger than that measured
in 2012 and 2009.
At the same time, it is more difficult to rule out alternatives

to black holes in GR, because a shadow can be produced by
any compact object with a spacetime characterized by unstable
circular photon orbits(Mizuno et al. 2018). Indeed, while the
Kerr metric remains a solution in some alternative theories of
gravity (Barausse & Sotiriou 2008; Psaltis et al. 2008), non-
Kerr black hole solutions do exist in a variety of such modified
theories (Berti et al. 2015). Furthermore, exotic alternatives to
black holes, such as naked singularities(Shaikh et al. 2019),
boson stars (Kaup 1968; Liebling & Palenzuela 2012), and
gravastars (Mazur & Mottola 2004; Chirenti & Rezzolla 2007),
are admissible solutions within GR and provide concrete, albeit
contrived, models. Some of such exotic compact objects can
already be shown to be incompatible with our observations
given our maximum mass prior. For example, the shadows of
naked singularities associated with Kerr spacetimes with
a 1* >∣ ∣ are substantially smaller and very asymmetric
compared to those of Kerr black holes(Bambi & Freese 2009).
Also, some commonly used types of wormholes (Bambi 2013)
predict much smaller shadows than we have measured.
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Three broad theoretical criteria for a good model of compact objects:

1) Appear in a well motivated and consistent physical model; 
Kerr: General Relativity

2) Have a dynamical formation mechanism;
Kerr: gravitational collapse 

3) Be (sufficiently) stable. 
Kerr: mode stability established (B. F. Whiting, J. Math. Phys. 30 (1989) 1301)
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Kerr: General Relativity

2) Have a dynamical formation mechanism;
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3) Be (sufficiently) stable. 
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1) all electromagnetic observables 
(X-ray spectrum, shadows, QPOs, star orbits,...);

2) correct Gravitational wave templates

Kerr is not just the unique theoretical vacuum model; it is a good model:

No clear
tension between

observations and 
the Kerr model

Check 
list!
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Massive-complex-scalar-vacuum:

Black Holes with synchronised hair
CH and Radu, PRL112(2014)221101 
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Massive-complex-scalar-vacuum:

Black Holes with synchronised hair
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a) In General Relativity

Existence proof
Chodosh and Shlapentokh-Rothman, 

CMP356(2017)1155

1) Appear in a well motivated and consistent physical model; 
General Relativity minimally coupled to massive bosonic fields

2) Have a dynamical formation mechanism;
Superradiance instability of Kerr

(East and Pretorius, PRL119(2017)041101, 
CH, Radu, Phys. Rev. Lett. 119 (2017) 261101, Dolan, Physics10(2017)83)

3) Be (sufficiently) stable. 
Effective stability against superradiance in some range of masses and couplings

(Ganchev and Santos PRL 120 (2018) 171101; Degollado, CH, Radu PLB 781 (2018) 651)

Check 
list! Select

a scale
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In the space of solutions, 
this model allows for large 

deviations from Kerr...

75% of mass; 
85% of angular momentum
is stored in the scalar field

Cunha, CH, Radu, Runarsson, 
Phys. Rev. Lett. 115 (2015) 211102

Infant Stars in Small Magellanic cloud (HST)



Gravitational lensing of the Aveiro Campus by a Kerr black hole with scalar hairKerr Comparable hairy

In the space of solutions, 
this model allows for large 

deviations from Kerr...

75% of mass; 
85% of angular momentum
is stored in the scalar field

Cunha, CH, Radu, Runarsson, 
Phys. Rev. Lett. 115 (2015) 211102

Infant Stars in Small Magellanic cloud (HST)



 0

 10

 20

 30

 40

 50

 60

 70

 80

 90

 100

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

K
e

rr
 d

e
vi

a
tio

n
 (

%
)

p

Figure 3: Deviation �S of HBH’s shadow size with respect to Kerr as function of p, for ✓

o

= 17o. The fit
function p+Ap(p� 1) with A ' 0.111159 captures the main features of �S.

References

[1] P. V. P. Cunha and C. A. R. Herdeiro, “Shadows and strong gravitational lensing: a brief
review,” Gen. Rel. Grav., vol. 50, no. 4, p. 42, 2018.

[2] E. Teo, “Spherical photon orbits around a kerr black hole,” General Relativity and Gravitation,
vol. 35, no. 11, pp. 1909–1926, 2003.

4

Constraint:
fraction of energy in the 

hair to p<0.1
Cunha, CH, Radu,

To appear
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Dynamically viable region of this non-Kerr black holes
is within error bars of M87 observations.



One illustrative example: Einstein-dilaton-Gauss-Bonnet
(arises in String Theory, second order equations of motion, etc...)
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Schwarzschild/Kerr not solutions - new black holes which are stable in some regime 
P. Kanti, N. E. Mavromatos, J. Rizos, K. Tamvakis and E. Winstanley, Phys. Rev. D 54 (1996) 5049; Phys. Rev. D 57 (1998) 6255; 

P. Kanti, B. Kleihaus and J. Kunz, Phys. Rev. Lett. 107 (2011) 271101  

New qualitative features (minimal black hole size);

b) Beyond General Relativity



Phenomenology: 
No large deviations from Kerr occur; e.g. shadows

P.V.P. Cunha et al. / Physics Letters B 768 (2017) 373–379 377

Fig. 3. Representation of (r̄ − 4.68M) (left) and δr (right) for EdGB solutions with γ = 1, in a α/M2 vs. J/M2 diagram. Each circle radius is proportional to the quantity 
represented, with some values also included for reference. All the values of δr are negative, with the maximum deviation to Kerr being around ≃ −1.5%.

Fig. 4. (Left) Representation of |δσ | for EdGB solutions with γ = 1, in a α/M2 vs. J/M2 diagram. Each circle radius is proportional to the quantity represented, with some 
values also included for reference. All the values of δσ are negative. (Right) Depiction of the shadow edge of a EdGB BH with γ = 1 and (α/M2, J/M2) ≃ (0.172, 0.41), 
yielding r̄ ≃ 4.85, σ = 0.3, xC = 0.84; the radial deviation δr with respect to the comparable Kerr case is ≃ −1.35%. The observer is at a perimetral radius 15M .

The precise relation between the image coordinate x and the 
impact parameter η depends on the choice for the observer’s 
frame, but also on how x is constructed in terms of observa-
tion angles. Following [31,53], the x coordinate is defined to be 
directly proportional to an observation angle β along that axis: 
x = −R̃ β , where the perimetral radius R̃ ≡ √

gϕϕ is computed 
at the observer’s position. By computing the projection of the 
photon’s 4-momentum onto a ZAMO frame [31,53], the relation 
sin β = η/(A0 + η B0) can be derived (if y = 0), where the fol-
lowing quantities are computed at the position of the observer: 
A0 = gϕϕ/

√
D, B0 = gtϕ/

√
D , with D ≡ g2

tϕ − gtt gϕϕ . This leads 
to the relation (with y = 0):

x = −R̃ arcsin
!

η

A0 + ηB0

"
. (11)

For the sake of the argument, consider also a very far away ob-
server (r → ∞). In these conditions we obtain the very simple 
relation x = −η. By computing η1 and η2 for each of the two light 

rings, we can obtain the shadow radius r̄x on the x-axis simply 
with r̄x = |x1 − x2|/2, where each x is evaluated from the re-
spective η. Notice that this is a local method, in the sense that 
it does not require the evolution of a geodesic throughout the 
spacetime. Hence, obtaining a very precise r̄x value only depends 
on knowing η at the light rings with sufficiently high accuracy. 
Furthermore, by comparing this r̄x value with the one obtained 
with ray-tracing, we can estimate that the precision of the latter is 
around ∼ 0.08%.

The data of the EdGB shadows, computed with ray-tracing, is 
represented in Fig. 3 and Fig. 4, where a dilaton coupling γ = 1 is 
assumed. The observer is always placed in the equatorial plane, at 
a radial coordinate such that R̃ = √

gϕϕ = 15M .
In the left of Fig. 3, the size of each circle represents the value 

of the shadow radius r̄ for several EdGB solutions. In order to make 
the differences across the solution space more apparent, the circle 
radius is proportional to r̄ − 4.68M . In other words, a vanishing 
circle (in this plot only) represents r̄ = 4.68M . With this depic-
tion, it is clear that – as a rule of thumb – increasing either J

The case of Einstein-dilaton-Gauss-Bonnet:
the largest shadow deviation is (in the average radius) only ~ few %

Cunha, CH, Kunz, Kleihaus, Radu, PLB 768 (2017) 373
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Examples: 

Shift symmetric model (exhibits dynamical formation):
Sotiriou and Zhou, Phys. Rev. D 90 (2014) 124063
Benkel, Sotiriou and Witek, Phys. Rev. D 94 (2016) 121503
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Models admitting vacuum GR and hairy black holes:
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Schwarzschild Comparable scalarised



Schwarzschild Comparable scalarised

Kerr, j=0.24 Comparable scalarised
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b) Beyond General Relativity



1) Appear in a well motivated and consistent physical model; 
Einstein-dilaton-Gauss-Bonnet / extended scalar tensor Gauss Bonnet 

2) Have a dynamical formation mechanism;
Gravitational collapse or scalarisation

3) Be (sufficiently) stable. 
Some solutions are stable

b) Beyond General Relativity

Check 
list!



1) Appear in a well motivated and consistent physical model; 
Einstein-dilaton-Gauss-Bonnet / extended scalar tensor Gauss Bonnet 

2) Have a dynamical formation mechanism;
Gravitational collapse or scalarisation

3) Be (sufficiently) stable. 
Some solutions are stable

Issues:

- Why stop at quadratic curvature?
- Why a certain coupling?

- There are effective violations of energy conditions. Is it an issue?

b) Beyond General Relativity

Check 
list!
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comment

the telescope still mounted in its dome.  
To guard against any change in 
magnification between the two quite 
different set-ups, check plates of a different 
star field in Arcturus were taken both at 
Príncipe and Oxford.

Crommelin and Davidson obtained 19 
photographs with the astrographic object 
glass and 8 with the 4-inch lens. However, 
while developing the plates in the days 
after the eclipse, Davidson discovered that 
the astrographic telescope had lost focus 
during the eclipse and that the star images 
were heavily distorted. His comment at the 
time was “it seems doubtful whether much 
can be got from these plates.”3 Although 
the data were analysed back at Greenwich, 
England, no weight was ultimately assigned 
to the results obtained from the Sobral 
astrographic plates.

Comparison photographs of the eclipse 
star field were taken by Crommelin and 
Davidson in Sobral in July, before returning 
to England on 25 August. By then Eddington 
had already conducted an analysis of his 
data that suggested, as he reported to a 
meeting of the British Association for the 
Advancement of Science in September, 
that the amount of light deflection fell 
somewhere between the two different 
predictions made by Einstein. It was news 
of this presentation, transmitted to Einstein 
by his Dutch colleague Hendrik Lorentz 
via telegram, that gave rise to the famous 

Einsteinian quip that he was glad for the 
Lord’s sake that nature had matched up well 
against his theory. However, Eddington’s 
measurements were of low weight, because 
of the small number of stars he had been 
able to image. Everything depended  
upon the analysis of the results from  
Sobral, conducted at Greenwich under 
Dyson’s direction.

In recent decades, commentary on 
the eclipse of 1919 and its results has 
focused heavily on Eddington and his 
role, including his alleged pro-Einstein 
bias4. The role of the other astronomers 
involved has been, so to speak, eclipsed by 
Eddington’s (and Einstein’s) fame. Dyson 
anticipated this. He commented to his 
daughter, “if I’m remembered in the future 
it will be because of my association with 
Eddington. People will say — Dyson? Oh 
yes — he was Astronomer Royal, when 
Eddington was Chief Assistant.”5 The 
consequence of the exaggerated focus 
on Eddington has been an associated 
tendency to focus on his station at 
Príncipe, with Sobral relegated to an 
afterthought. Because of the problems with 
the Sobral astrographic many people today 
imagine that the Sobral expedition played 
a relatively minor role. In truth, it was 
central to the success of the  
whole enterprise.

As presented by Dyson, Eddington and 
Davidson in their report, the experiment 
sought to test between three different 

theoretical predictions. The first was the 
presumption, inherent in the nineteenth-
century wave theory of light, that light 
has no mass and is unaffected by gravity. 
As such, the presence of the Sun would 
cause no deflection of stars in its field. 
The second possibility was put forward by 
Einstein as a consequence of his principle 
of equivalence. In this viewpoint, light has 
energy, which means it has mass. Thus it 
falls towards the Sun as it passes by, causing 
a small deflection (0.87 arcsecond at the 
limb of the Sun) in star positions away 
from the Sun, as seen from Earth. Finally, 
after developing GR, with its prediction 
that gravity alters the geometry of 
spacetime, Einstein realized there would be 
an additional deflection, due to curvature 
near the Sun. This resulted in his final 
light deflection prediction (1.75 arcsecond 
at the limb of the Sun), twice as great as 
his original one. In their presentations, 
Eddington and Dyson chose to assign 
credit for the middle (‘half-deflection’) 
prediction, to Newton, on the grounds that 
it was consistent with massive photons 
interacting with the Sun according to his 
famous law of gravity6.

The results confirming Einstein’s 
theory were announced during a joint 
meeting of the Royal Society and the Royal 
Astronomical Society, held on 6 November 
1919 at Burlington House, Piccadilly, 
London. Newspapers and magazines 
all around the globe took note of the 

Fig. 2 | Cover of the newspaper Estado do Pará, 
published in Belém, on 20 April 1919, containing 
a translation of the article signed by Crommelin 
and Davidson. Courtesy of Biblioteca Pública 
Arthur Vianna, Pará, Brazil.

Fig. 3 | British, North American and Brazilian parties at Sobral. Courtesy of Biblioteca do Observatório 
Nacional, Rio de Janeiro, Brazil.
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News in “Jornal da ilha da Madeira”
and “Estado do Pará” about the 1919 expeditions

Plan: to discuss strong light bending

1) Paradigm: Kerr black holes

2) Non-Kerr (but reasonable) black holes

3) (Generic) horizonless ultracompact compact objects 

4) Epilogue;



The light ring determines the 
initial “ringdown” of a perturbed black hole

Goebel, Astrophys. J. 172 (1972) L95
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COMMENTS ON THE “VIBRATIONS” OF A BLACK HOLE 

C. J. Goebel 
University of Wisconsin, Physics Department, Madison 
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ABSTRACT 
It is shown that the “vibrations of a black hole” of Press are gravitational waves in spiral orbits close 

to the well-known unstable circular orbit at r = 3Af. The corresponding “vibrations” of a spinning 
black hole are discussed. It is emphasized that these “vibrations” provide, not a source, but only a 
temporary storage, of high-frequency gravitational radiation. 

The vibrations of a black hole described by Press (1971) are gravitational waves 
superposed on the Schwarzschild metric. For large values of l (Press considered l > 20) 
ray optics becomes valid, which simplifies calculations and makes clear the nature of 
these vibrations. Short-wavelength radiation (gravitational, electromagnetic, or neu- 
trino) travels like massless particles. The motion of the latter around a spherical body 
of mass M is described by the equations (c = G = 1) 

+ F(r) = 0_2 ’ F = ^ - 2M/r)/r^, (1) 

(1 - 2M/r)-'r*^ = b , (2) 

where b is the impact parameter (if the orbit extends to r = °° ). For a particle, b = //co, 
where l is its angular momentum and co its energy (at r = °° ) ; for waves, the same holds, 
but now l is the angular node number and co is (angular) frequency. 

The only extremum of the “potential” V(r) (at finite distance) is a maximum at 
r = 3M; hence the only circular orbit of a massless particle is an unstable one, with 

r = m , co = [F(3M)]1/2 = //(3 X 31/2M) . (3) 

One further finds from (1) that orbits which are asymptotic to the unstable circular orbit 
in the past are of the form 

r « 31f + const. X e0 = 3M + const. X exp [//(3 X 31/2M)] , 

for r — 3M « M . (4) 

Consequently, a distribution of particles in orbits close to the circular orbit expands 
away from r — 3M with an e-folding time equal to 3 X 31/2Af, and so its population 
near r = 3M decays with time like exp [ — t/(3 X 31I2M)]. The foregoing results are well 
known; cf. the description of the last light emitted by a collapsing star (Ames and Thorne 
1968), which consists of light which was emitted into orbits close to the unstable circular 
orbit. A “black-hole vibration” of Press consists similarly of gravitational waves in orbits 
close to the unstable circular orbit; more precisely, it is a gravitational wave packet con- 
centrated initially near r = 3M, containing components whose radial wavenumbers are 
small compared to their tangential wavenumbers 1/3M. Due to the spiraling of the orbits 
away from r — 3M, it decays ; it evolves into an outward-traveling wave train (also an 
unobserved inward one) of length — 3 X 31/2M, which contains frequencies 1/(3 X 31/2M). 
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So, a hypothetical horizonless ultra compact object (UCO) 
(i.e. with a similar light ring)

could vibrate similarly, initially...

Cardoso, Franzin, Pani, PRL 117 (2016) 089902

It turns out that for UCOs, 
in a generic classical dynamical formation scenario, 

this light ring is not alone...
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We prove the following theorem: axisymmetric, stationary solutions of the Einstein field equations
formed from classical gravitational collapse of matter obeying the null energy condition, that are everywhere
smooth and ultracompact (i.e., they have a light ring) must have at least two light rings, and one of them is
stable. It has been argued that stable light rings generally lead to nonlinear spacetime instabilities. Our result
implies that smooth, physically and dynamically reasonable ultracompact objects are not viable as
observational alternatives to black holes whenever these instabilities occur on astrophysically short time
scales. The proof of the theorem has two parts: (i) We show that light rings always come in pairs, one being a
saddle point and the other a local extremum of an effective potential. This result follows from a topological
argument based on the Brouwer degree of a continuous map, with no assumptions on the spacetime
dynamics, and, hence, it is applicable to any metric gravity theory where photons follow null geodesics.
(ii) Assuming Einstein’s equations, we show that the extremum is a local minimum of the potential
(i.e., a stable light ring) if the energy-momentum tensor satisfies the null energy condition.

DOI: 10.1103/PhysRevLett.119.251102

Introduction.—The historic LIGO gravitational-wave
(GW) detections [1–3] provide strong evidence that astro-
physical black holes (BHs) exist and merge. LIGO and the
space-based detector LISA [4] will allow us to test the
nature of compact objects and the strong-field dynamics of
general relativity in unprecedented ways [5–9].
All LIGO detections so far are consistent with the

inspiral, merger, and ringdown waveforms produced by
binary BH mergers. In particular, the ringdown phase is
sourced by the relaxation of the final perturbed BH into
equilibrium, and it has been regarded as a distinctive
signature of BHs [10,11]. There is a well-known corre-
spondence between the complex quasinormal oscillation
frequencies of a BH and perturbations of the light ring
[12–15]. Intriguingly, because of this correspondence, all
compact objects with a circular photon orbit, i.e., a light
ring (LR), but with no horizon—hereafter dubbed ultra-
compact objects (UCOs)—initially vibrate like BHs, and
only later display oscillation features that depend on
their internal structure (w modes or “echoes” [16–23]).
Therefore LIGO observations of a ringdown signal con-
sistent with a Kerr BH imply the presence of a LR, but they
do not necessarily exclude the possibility that the merger
remnant may not be a BH [24].
Could the LIGO events be sourced by horizonless UCOs

rather than BHs? In this work we show that UCO mergers
are unlikely within a physically reasonable dynamical
framework. We consider the possibility that horizonless
UCOs form from the gravitational collapse of unknown
forms of matter that can withstand collapse into a BH.
Assuming cosmic censorship [25] and causality, such

UCOs are smooth and topologically trivial [26]. For such
UCOs we prove that LRs always come in pairs, one being a
saddle point and the other a local extremum of an effective
potential. The local extremum might be either stable or
unstable, but Einstein’s equations imply that instability is
only possible if the UCO violates the null energy condition.
Thus, UCOs formed through the collapse of reasonable
(albeit exotic) matter must have a stable LR.
It has been argued that spacetimes with a stable LR

are nonlinearly unstable [27,28]. Unless these instabilities
operate on time scales much longer than a Hubble time, our
results imply that smooth, physically reasonable UCOs are
generically unstable, and therefore that these objects are
unfit as sensible observational alternatives to BHs.
Setup.—Various sorts of exotic compact objects have

been discussed in the literature, some of which may
become sufficiently compact to possess LRs. These include
boson [29] and Proca stars [30], gravastars [31], super-
spinars [32], and wormholes [33]. Most of these models,
however, are incomplete, in the sense that no dynamical
formation mechanism is known. Boson stars are an
exception in this regard, because they have been shown
to form dynamically (at least in spherical symmetry) from a
process of gravitational collapse and cooling [34]. It is
unclear whether collapse can produce ultracompact, rotat-
ing boson stars: in fact, recent numerical simulations
suggest that it may not be possible to produce rotating
boson stars from boson star mergers [35]. Still, we take
spherically symmetric simulations with gravitational cool-
ing as a plausibility argument that some UCOs could
form dynamically from classical (incomplete) gravitational
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Idea:

Start with approximately Minkowski
Incomplete

gravitational
collapse

UCO as final 
equilibrium state

- Starting point: approximately flat spacetime;

- UCO forms dynamically from incomplete gravitational collapse;

- End point: UCO is stationary, axi-symmetric and asymptotically flat; it 
has no event horizon and its metric is smooth:

- then UCO spacetime is topologically trivial, assuming causality Geroch 
J.Math.Phys. 8 (1967) 782 



Null geodesic flow in UCO geometry

• determined by the Hamiltonian H = 1
2g

µ⌫pµ p⌫ = 0.

• 2H = (gijpi pj) + (gabpa pb), i 2 {r, ✓}, a 2 {t,'}.
= K + U(r, ✓).

• Killing vectors @t, @' =) E = �pt, L = p' (constants).

• pr = p✓ = 0 () K = 0 () U = 0 .



Effective potentials

• Shortcoming of U ! depending on Killing parameters E,L.

• Can be factorized as U = (L2gtt)(� �H+)(� �H�), � ⌘ E/L.

• Explicitly H±(r, ✓) =
⇣
�gt' ±

q
g2t' � gttg''

⌘
/g''

• U = 0 () (� = H+ _ � = H�)

At a LR: =) rH± = 0 (critical point of H±(r, ✓))

• One will now associate a topological quantity w to each LR..
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For Schwarzschild:

V± = rH±

r

✓

LR

Anti-clockwise 
circulation of V

 around C gives a 
non-trivial 

clockwise winding 
(w=-1)

Circulation of V
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wind around
(w=0)

C C’

H± = ±

q
1� 2M

r

r sin ✓

2.5 3.0 3.5 4.0 4.5 5.0
1.2

1.4

1.6

1.8

2.0
V+(M = 1)



Light ring types

w = �1 w = +1 w = +1

Di↵erent types of Light Rings:

• Saddle point of H ! unstable LR (w = �1).

• Local minimum of H ! stable LR (w = +1).

• Local maximum of H ! unstable LR (w = +1).



• In spherical symmetry ! potential H(r) is 1D.

Smooth deformation fixing:

• asymptotic behavior (asymptotic flatness).

• near origin behavior (smoothness).

=) Extrema are created in pairs.

r

Light rings are created in pairs (e.g. spherical symmetry)

H(r)
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• In spherical symmetry ! potential H(r) is 1D.

Smooth deformation fixing:

• asymptotic behavior (asymptotic flatness).

• near origin behavior (smoothness).

=) Extrema are created in pairs.

r

Light rings are created in pairs (e.g. spherical symmetry)

H(r)
start: ' flat spacetime
Topological charge: w = 0

end: UCO
Topological charge: w = +1� 1 = 0

w = +1

w = �1

Total topological chargeP
i wi =constant

if boundary conditions preserved



Light rings and Null Energy Condition

Consider Einstein’s field equations:

Gµ⌫ = 8⇡ Tµ⌫ .

At a Light Ring:

Tµ⌫ pµ p⌫ =
1

16⇡
@i@

iU.

If the LR is exotic (local maximum of U):

• @i@iU < 0 =) Tµ⌫pµp⌫ < 0.

• Null Energy Condition (NEC) is violated for an exotic LR!

• Enforcing NEC =) horizonless UCO has a stable LR.



A non-linear instability ?

J. Keir, Class.Quant.Grav. 33 (2016) no.13, 135009; Benomio, arXiv:1809.07795 
It has been suggested:

• Treating scalar linear waves as a model for nonlinear perturbations.

• Considering spherically symmetric spacetimes exhibiting stable Light Rings.

• Showing that linear waves cannot (uniformly) decay faster than logarithmically.

• Such slow decay is highly suggestive of a nonlinear instability.



A non-linear instability ?

J. Keir, Class.Quant.Grav. 33 (2016) no.13, 135009; Benomio, arXiv:1809.07795 
It has been suggested:

• Treating scalar linear waves as a model for nonlinear perturbations.

• Considering spherically symmetric spacetimes exhibiting stable Light Rings.

• Showing that linear waves cannot (uniformly) decay faster than logarithmically.

• Such slow decay is highly suggestive of a nonlinear instability.

Thus, the existence of a stable light ring is a (potentially)
generic obstruction for any UCO that can form from classical GR dynamics.



Plan: to discuss strong light bending

1) Paradigm: Kerr black holes

2) Non-Kerr (but reasonable) black holes

3) (Generic) horizonless ultracompact compact objects 

4) Epilogue;



Light is a natural probe of spacetime geometry.

100 years ago, in this beautiful island, 
weak gravitational lensing was first seen ...



so it is time strong gravitational 
lensing is observed here as well...



Thank you for your attention!

Obrigado pela vossa atenção!


